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INTRODUCTION 
Foeused ultrasonie transdueers ean be useful in material eharaeterization and tissue 
property measurement beeause of the improved signal to noise ratio as eompared to flat 
transdueers. To fully understand the transdueer output, it is useful to know the system 
transfer funetion or impulse response of a foeused transdueer first aeting as a transmitter 
and then reeeiving the signal refleeted off a rigid plane. The resulting reeeived pressure of a 
pulse-eeho system ean also be eharaeterized in terms of a diffraetion eorreetion faetor. The 
determination of the im pulse response or diffraetion eorreetion faetor is weil understood for 
flat disk transdueers, but is more eomplex for foeused transdueers. 
Foeused transdueers are provided with nominal values offoeallength and aperture. 
However, the effeetive values ofthese quantities arenot generally known. The general 
problern of setting up an inverse problern formulation to determine two unknowns is quite 
daunting, but in this ease the nominal values ean be taken as good approximations to the real 
values, thereby limiting the parameter spaee whieh must be explored. With this in mind, 
solving the forward problern beeomes a meaningful first step. 
An analytieal expression for the impulse response of a flat disk transdueer was obtained 
by Oberhettinger [1] by mathematieal transforms. Stepanishen [2] obtained the same 
expression by use of an elegant geometrieal teehnique and found the response of a 
reetangular transdueer by approximations based on his geometrieal teehnique eombined with 
numerieal ealeulations. Loekwood and Willette [3] extended Stepanishen's work to find an 
exaet closed form expression for the response of a reetangular transdueer. Penttinen and 
Luukkala [4] extended this approaeh to the spherieally foeused transdueer. Allthese 
investigators formulated the problern in terms of a finite transmitter and a point reeeiver. 
In the ease of measurement of surfaee wave speeds at a fluid-solid boundary, the foeused 
transdueer itself serves as the reeeiver; surfaee wave speeds are of interest beeause the 
elastie eonstants, ineluding anisotropie elastie eonstants, ean be determined from them. To 
properly eharaeterize the waves at the boundary, the system funetion has to inelude the 
foeused transdueer acting as both the transmitter and reeeiver. This problern has been 
eonsidered by Chen et al. [5], but only in the frequeney domain and using an approximation 
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Figure I. Geometrical quantities and field regions ofa spherically focused transducer. 
Region I is inside the cone formed by rays from the transducer and Region 2 is outside the 
cone; Region I is further divided into Region I+ beyond the focal point (z>O) and Region 
t· before the focal point (z<O). 
which places Iimits on the distance between the reflector and the focal plane. In this paper, 
we consider a time domain approach which does not have a Iimitation in the placement of 
the reflector. 
THEORY 
A closed form solution for the time domain Green' s function of the pressure, h(f, t), at a 
point, r, due to a spherically focused transducer was determined by Penttinen and Luukkala 
[4) and subsequently presented in a simplified form by Arditi et al. [6) Fora spherical 
transducer defined by the half-aperture a and the radius of curvature of the transducer ( or 
the geometric focallength) Ras in Figure I, the Green's function at a fixed observation 
point fis a function oftime, although the function varies depending on the region in which 
the observation point is located. Arditi et al. 's form of the solution is 
h(f,t) 
where 
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Figure 2. Quantities relating to the point of observation in the field of a spherically 
focused transducer. 
(3) 
and d is the depth of the transducer, c is the speed of so und in the fluid and t is time. Other 
quantities, shown in Figure 2, are r0 , the distance along theinward pointing normal from 
the transducer to the point of observation, r 1 , the distance from the observation point to the 
nearest point on the transducer rim, r 2 , the distance from the observation point to the 
farthest point on the transducer rim, f, the vector from the focal point to the point of 
Observation, r, the magnitude of f, and 8, the angle between the positive Z axis and f; Z is 
a coordinate direction along the symmetry axis of the transducer with its origin at the focal 
point. The expression fortheimpulse response given in Equation (1) does not account for 
the diffraction caused by the outgoing wave from a point on the transducer surface being 
impeded by other points on the surface due to the transducer curvature, but for many 
practical cases this can be neglected. The pressure at a field point can then be obtained by 
convolving the impulse response ofEquation (1) with a source function as 
p(f, t) = -p ~~ * h(f, t) (4) 
where v is the surface velocity ofthe source and p is the density ofthe fluid. 
When considering the case of a transducer radiating onto a rigid reflector and then 
receiving the reflection, one can replace the rigid reflector with an image transducer 
identical to the original transducer, but acting in receive mode only; this is illustrated in 
Figure 3. Todetermine the pressure received by the transducer, one can integrate Equation 
(4) over the receiver surface. Since v is independent ofthe observation point, the 
expression for the integral ofthe received pressure taken over the transducer surface is 
p(z, t) = -p av * f h(f, t) dA 
at A (5) 
where A is the receiver surface and z is the defocus distance, i.e., the distance from the focal 
point to the reflector (or equivalently, halfthe distance from the focal point ofthe 
transmitter to the focal point of the receiver; note that as with V(z) curves, the z coordinate 
is sufficient to specifY the position ofthe reflector relative to the transducer). 
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Figure 3. (a) Spherically focused transducer facing a rigid plane reflector at a distance s 
transmits signal and receives reflection, (b) Equivalent case of a spherically focused 
transducer which transmits signal and image transducer which receives signal at 2 s. 
Because ofthe symmetry ofthe problem, Equation (5) reduces to 
p(z, t) = -2 1t R 2p av * f .x h(Y: t) sin<!> d<j> 
at Jo 
where a is the half-aperture angle. The pressure integral can also be represented by 
av 
p(z,t) = -pat * G(z,t) 
where 
is the im pulse response of the system. 
RESULTS 
(6) 
(7) 
(8) 
The expression for G(z, t) was evaluated using Mathematica for a transducer with a focal 
length of6.35 cm and an aperture of0.635 cm with wateras the fluid medium. The results 
are presented in Figure 4, which shows G(z,t)/(21tR 2) for three values of defocus distance. 
Note that for each curve, time is set to zero at the instant when the first non-zero pressure 
occurs. Initially, the pressure increases as the area being insonified on the image receiver 
grows. At each point on the receiver surface, the pressure magnitude eventually drops off 
and then the pressure ends. Comparing the three curves, one can see that as the reflector 
gets closer to the focal point, the process of increasing and decreasing the insonified area 
becomes sharper until, with the reflector at the focal point, the pressure terminates 
simultaneously at all points on the surface ofthe receiver. 
Acheck is available on the calculations for G(z,t) through steady state results in the 
Iiterature. Convolving G(z, t) with an expression for a steady state source gives results 
which showtotal agreement with the frequency domain calculations ofChen et al. [5] in the 
range shown in Figure 5 (this was the range ofinterest for Chen et al. 's application); the 
diffraction correction factor shown in Figure 5 is the steady state complex pressure 
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Figure 4. Impulseresponse ofa spherically focused, pulse-echo transducer with 6.35 cm. 
nominal focallength and 0.635 cm. aperture facing a rigid reflector in water. 
amplitude of the transducer divided by the complex pressure amplitude of a plane wave. 
The agreement between the two diffraction correction factor curves might reasonably be 
expected even though two different methods of calculation are used, because the same 
underlying assumptions are applied. Chen et al. 's calculations are supported by the 
overlapping experimentsalso reported in [5]. 
DISCUSSION 
Several problems arise in comparing the theoretical results with experimental 
observations. One is that a true impulse input cannot be generated in the Iab. This can be 
overcome in this case by measuring the input signal, convolving it with the impulse response 
and comparing that result with measurements. The difference is illustrated in Figure 6, 
which shows the im pulse response for the case of the rigid reflector at the focal point and 
shows the response to one implementation of an attempted impulse response, a spike 
followed by an exponential decay. The magnitude ofthe spikewas chosen so that the peak 
ofthe two curves match. Not only does the tail ofthe decaying excitement Iead to a signal 
which persists after the response to the impulse response drops off, but the initial growth 
rat es of the responses differ as weil. 
Another problern is that there are no perfectly rigid materials. Real elastic materials will 
have surface waves which radiate into the fluid, interfering with the direct reflection. 
Careful selection of material and medium, as with Iead and air for example, will minimize 
this problem. 
873 
1.0.---------------------------------------------~ 
----
....----/____ ---- --
0.8 / .......... - / --- - - ~ ~-
I "..- , _.." / 
I' 
fl 
-------
-- -- --
0.6 ,, 
11 I From G(z, t) I ~ Chen's result 
I L-----------~ 0.4 ,, 
,, 
/• 
,, 
0.2 ,, 
,, 
OL-----------~--------~----------~----------~ 
0 5 10 15 20 
(k a sin a)/2 
Figure 5. Comparison of two methods of determining the diffraction correction factor as a 
function of (ka sina)/2for a spherically focused transducer with focallength 6.35 cm. and 
half-aperture 0.635 cm. k is the wavenumber. Chen et al. 's curve is offset by 0.05 so the 
two curves can be distinguished. 
However, it is desirable to extend the work presented here to the case of practical 
materials in order to make measurements of material properties. With an elastic solid acting 
as the reflector, the force received on the transducer is described by 
p(z, t) = [ -p ~~ * G(z, t)] * S(t) (9) 
where S(t) is the characteristic response of the solid, given the fluid medium. If all the other 
terms are known or can be deterrnined, S can be found by inverting the convolution of S 
with the bracketed terms. 
In practice, S will not be the only unknown in Equation (9), since both p and v are 
unknown. The surface velocity of the transducer will be related to an input valtage by 
(10) 
where e1(t) is the inputvaltage and h1(t) istheimpulse response ofthe electromechanical 
system which transforms the input voltage into a surface velocity on the face of the 
transducer. Only e1(t) is measured. Similarly, the output voltage is related to the received 
force by 
eit) = p(t) * hit). (11) 
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Figure 6. Response in pulse-echo mode offocused transducer to a true impulse and an 
approximate impulse. 
Only eit) is measured. The result in the case of a rigid reflector is 
[ah (t) ] e2(t) = [ -pe1(t) * G(t)] * +, * hit) . (12) 
The quantity in the second pair ofbrackets could be separated by deconvolution from the 
measured quantities e1(t), eit) and p and the calculated quantity G(t). Therefore, the 
quantity in the second pair ofbrackets could, in principle, be determined experimentally, at 
least to a good approximation. Once this is known for a particular transducer, it can be 
applied in the measurement of S(t) for any material of interest. 
REFERENCES 
1. F. Oberhettinger, J. Res. NBS, 65B, 1 (1961). 
2. P. R. Stepanishen, J. Acoust. Soc. Amer. 49, 1630 (1971). 
3. J. C. Lockwood and J. G. Willette, J. Acoust. Soc. Amer. 53, 735 (1973). 
4. A. Penttinen and M. Luukkala, J. Phys. D: Appl. Phys. 9, 1547 (1976). 
5. X. Chen, K. Q. Schwarz and K. J. Parker, J. Acoust. Soc. Amer. 95, 3049 (1994). 
6. M. Arditi, F. S. Foster and J. W. Hunt, Ultrasonic Imaging 3, 37 (1981). 
875 
